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Abstract. The Cantor set character of the electronic energy spectrum of a one-dimensional
quasi-crystal in the form of a Fibonacci sequence is analysed under the tight-binding approxi-
mation by means of a renormalisation procedure. The electronic structure of quasi-periodic
superlattices is also studied with the conclusion that there scarcely exists any notable dif-
ference from periodic superlattices.

Since the observation of fivefold symmetry by Schechtman et a/ (1984) in the x-ray
diffraction pattern of AlygMng 4 quenched alloy, the discovery of quasi-crystals has
stimulated wide interest and arange of research. Levine and Steinhardt (1984) suggested
immediately after Schechtman et a/ (1984), a model of fivefold symmetry with long-
range order. A number of authors (Bak 1985, Mermin 1985, Jaric 1985) discussed then
the stability of icosahedral systems on the basis of the Landau theory. Very recently,
Widom et al (1987) investigated a simple two-dimensional Lennard-Jones system with
two components by Monte Carlo simulation. They obtained quasi-crystalline structure
in equilibrium state with tenfold symmetry.

The electron and phonon structures of quasi-crystals have been investigated, too.
Lueral (1986) and Odagaki and Nguyen (1986) computed separately the lattice vibration
spectra of one- and two-dimensional quasi-crystals. In a previous correspondence, the
present authors (Ma eta/1986) reported results of computation of the electronic densities
of states for a one-dimensional Fibonacci chain. Hu and Ting (1986) evaluated the
electric resistivity of a one-dimensional quasi-crystal. Their conclusion is that there exist
two categories of electronic states contributing very differently to the resistance, one
corresponding to localised and the other corresponding to extended or tunnelling states.

The present paper is devoted firstly to an analysis of the Cantor set character of
the electronic energy spectrum of a one-dimensional tight-binding quasi-crystal and
secondly to an investigation of the electron structures of quasi-periodic superlattices. In
our previous publication (Ma er al 1986), we have evaluated the electronic density of
states (DOS) of a tight-binding model of a one-dimensional Fibonacci chain (see figure
1) described by the following Hamiltonian:

H =2 el + Z 0T (1)
14 1)
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Figure 1. A schematic representation of a one-dimensional Fibonacci quasi-crystal. A and
B signify possible different atomic levels.

where
€4 ieEA
o {.9,3 ieB @
and
T, j=1i=%1,iandjconnected by a long bond
T;={Ts j=i=1,iandjconnected by a short bond 3
0 otherwise.

Here we would like to supplement our previous results by showing in figures 2 and 3 the
integrated DOS defined by

E
DE) = [ p(E)IE @)

with p( E) being the DOs obtained previously. It can be seen that the D(E) curves display
steps in one-to-one correspondence with occurrence of gaps in the p(E) histograms (see
figures 3 and 4 of Ma et al 1986). Two distinct steps can be seen when Ty is slightly larger
than 7;. When the difference between T5 and T} becomes larger, these main steps
become wider and secondary steps appear. With still larger difference between T and
T still smaller steps appear between the secondary steps. However, the height of both
a main step or a smaller step remains constant independent of the value of Tg — 7.

In figures 4 and 5 we display successive magnifications of D(E) and p(E) for a
Fibonacci chain containing 25000 atoms. The self-similarity is evident in these figures
showing the Cantor set structure of the electronic energy spectrum. In § 1 below we shall
explain the above mentioned characteristics of the electronic energy spectrum and then
in § 2 we shall consider the energy spectra of electrons in superlattices.

1. Renormalisation analysis of the electronic structure of one-dimensional quasi-crystals
Before analysing the electronic structure, we would like to remind readers of the self-
similarity in the Fibonacci sequence:

Si:L

S, LS

S;: LSL

S4 LSLLS

Ss: LSLLSLSL

S¢: LSLLSLSLLSLLS
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Figure 2. The integrated DOS of a one-dimensional Fibonacci chain of 10000 atoms in the
symmetricalcase: €, = e =0, T, =1, Ts=(a) 1, (b) 1.5.

This means that starting with mth generation and identifying S,,, S,, .+ { with S, L respect-
ively (e.g. setting S, = LS = §’ and S; = LSL = L"), we obtain once more the original
sequence. We shall see this property has direct consequences on the electronic structure.

Now we turn to disclose the self-similarity structure in the electronic energy spec-
trum using renormalisation transformations (Niu and Mori 1986). Consider first, for
simplicity, the case €4 = gg. We begin with the case T, = 0. The Fibonacci chain
becomes, then, a one-dimensional array consisting of isolated atoms A and diatomic
molecules composed of two B atoms. The energy eigenvalue of an electron on anisolated
A atom is E = (. On the other hand, a diatomic molecule has a bonding and an anti-
bonding state, corresponding, respectively, to the energy eigenvalues E = ¥ T. Thus
the energy spectrum consists of three discrete levels: E = 0, = T;. In the limit of an
infinitely long Fibonacci chain, the number of long bonds to the number of short bonds
is N./Ng = 771 = §(5!2 + 1), where 7 = (52 — 1) is the golden mean. Each short bond
connects two B atoms and there is an A atom or a B molecule between any two
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Figure 3. The integrated DOS of a one-dimensional Fibonacci chain of 10000 atoms in the
asymmetrical case: €4, = 0, 65 = 0.2. T, = 1. T5 = (a) 1. (b) 1-9-

neighbouring long bonds. Let the numbers of A and B atoms be N, and Ng, respectively,
then by the above analysis, Ny =2Ng whereas Ny = N, — Ng, so that N,/Ng =

(27)7! — . Thus, the fractions of A and B atoms are, separately, 7° and 272. It follows
that the DOS of the three levels are, respectively,

p(E=0)=1° )
p(E==Ts)=1"

The integrated DOs consists of three steps with respective heights: 72 = 0.38196601 . . . ,
72+ 7°=0.61803398 ... and 272 + 7% = 1, in agreement with results of numerical
computation (see figures 2 and 3): 0.382, 0.618 and normalisation.

Consider next the case T} # 0. For each degenerate level an equivalent Hamiltonian
can be constructed in similarity to the original one, accomplishing thus a renormalisation
transformation. Consider first the level £ = 0 of an isolated atom. With a non-zero T,
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Figure 4. The electronic DOs of a one-dimensional Fibonacci chain of 25000 atoms in the
symmetrical case with successive magnified views. e = e =0, T. = 1, Ty = 1.5.

each atom A is coupled to nearest atoms on both sides via molecules B. We proceed to
calculate the effective coupling. Two cases must be distinguished: two nearest atoms are
separated by one or two molecules. In the first case as shown in figure 6, we can write
the following Schrédinger’s equations:

Iy, +T y,.1 =Ey,
TLann + TSWIH—Z = EIPn+1 (6)
TSWrH—I + TLIPrH-B = E‘Wn+2~
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Figure 5. The integrated DOs of a one-dimensional Fibonacci chain of 25000 atoms in the
symmetrical case with successive magnitifed views. g, = 5 =0, T, = 1, Ts = 1.5.
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Figure 6. Two ‘atoms’ # and n + 3 coupled via a ‘molecule’, (n + 1, n + 2).

Solving for y,,, | from the third line of (6) and substituting into the first line, we have

TLWn—I - TiTS_Ilpn+3 = EWn (7)

by neglecting small terms in view of the fact that we are considering the level £ = 0.
Comparing with the first line of (6), we know the effective coupling strength is
Ty = —T?Tg3'. For the case of two atoms separated by two molecules (figure 7), the
Schrodinger’s equations are:

Tiy, oy + Ty, = Ey,

T, + TsWpur = EYnyy

Tsner + Tones = EYns, (8)
Tiyper + TsPnsa = Eyys

Tspnis + ToLWnss = EYpig.

(Y 0

see O 2N Y

n-1 n nel nel n+3  neb n+s

Figure 7. Two ‘atoms’ n and n + 5 coupled via two ‘molecules’: (n + 1, n + 2) and (n + 3),
n+ 4).

By the same procedure, we obtain
TLwn—l + TiT§IWn+5 =Ew'l (9)

Hence, the effective coupling strength is 7{ = T3 T'5'. Replacing a bond between two
A atoms via a single molecule with T'§ and a bond via two molecules with T} , we obtain
again a Fibonacci chain. Setting 71 = 0 in the new Fibonacci crystal, we obtain the new
‘atomic’ and ‘molecular’ levels: E = 0; £ T5. Anidentical analysis yields the same heights
of the main steps in the integrated DOS as above. Since the DOS of the E = 0 level before
the transformation is 73, the height of the first secondary step relative to the first main
stepis 727 = 7°, whereas that of the next secondarystepis T 7> = 7%, with corresponding
absolute heights: 72 + 7°=0.47213595 .. .and 7% + 7 = 0.52786404 . . . . Results of
numerical computation are 0.472 and 0.528 (figures 2 and 3).

In order to treat the molecular levels: E = + T, we note that a molecule may couple
directly to another neighbouring molecule or indirectly via an atom. In the case of direct
coupling (figure 8), we have

Ty + Tsyns = Ey,
Ts, +Tinsr = EY,y,y
Tiper + Ts¥nas = EY,yy
Ts@niz + ToWnsa = EYyys.

(10)

i i*1
o A o,
ces QO een
n-1 n n+l n+2 n+3 n+b

Figure 8. Two ‘molecules’, i(n,n + 1) and i + 1 (n + 2, n + 3), in direct coupling.
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From figure 8, the bonding and anti-bonding states of the ith and the (i + 1)th molecules,
corresponding to the energy eigenvalues £ = + T are
Yl =272 (Y, £ Yay)
Wt =2T (Y0 = Y,).
Substituting for v,, Y,+1, Yn.2 and y,.; from (11) into (10), we have after
simplifications
27Ty + 4Ty — ATy = (E = To)ylh
ATyl — 4Tyl + 272 Ty, = (E - To)y'!
—27VT g, +4T YT — 4T 9! = (E + Ts)yh
3Tyl — 3Tyl + 27Ty, = (E+ To)ypl.

In the lowest order of approximation, when E = Tg, the couplings between the bonding
and anti-bonding states can be neglected. We omit thus all terms containing ¥’ and
w1 (v and ¢¥Y!) in the equations for ¥ and 4! (v and y*!) and conclude,
thereby, that the effective coupling strength between anti-bonding (bonding) molecules
isiT (—370).

The same analysis applied to molecules coupled indirectly via an atom yields an
effective coupling strength between either anti-bonding or bond molecules as 377 T3'!
(figure 9). Consider now a molecule as a single entity and describe, respectively, the

(11)

(12)

f i+l
—— Lasumn

ses O ) 0

0 O see

Figure 9. Two ‘molecules’, i and i + 1, in indirect coupling via an ‘atom’.

direct and indirect couplings with effective bonds by T§ = =3T| and T} = 473 T5!; we
again obtain a Fibonacci crystal. It follows that the anti-bonding level splits into three:
E=Ts,and Ts + Tg = T + T . Since the DOs of the original level E = Ty is 72, those
of the three split levels are:

p(Ts — 3T ) = 1272 = 7* p(Ts) =113 =13 p(Ts +4T,) = t212 = 7%,
(13)
Two secondary steps appear in the integrated DOs with relative heights in respect of the
second main step: 7* and t° and absolute heights 7 + 74 =0.7693202. .., 7 + 1% =
0.85410196. . . , in contrast to the values 0.764 and 0.854 from numerical computation.

In a similar manner we obtain the absolute heights of the secondary steps arising
from the bonding level as 7# = 0.14589803 . . . and 7> = 0.23606797 . . . in contrast to
0.146 and 0.236 by numerical evaluation.

The renormalisation process can be carried on indefinitely. We list in the following
table 1 the absolute heights of the steps of the first three orders. Successive renor-
malisation transformations generate, therefore, sub-bands and gaps of higher and higher
orders in the energy spectrum and steps of successive orders in the integrated DOs,
resulting in a Cantor set structure.
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Table 1. The absolute heights of steps in the integrated DOs. T =3(5"2-1)=
0.61803399 .. ..

Order of steps in D(E)
1 2 3

"+ 7

o+ 7!
3

o+ 7}

i+ 78

%+ 7?2
8+ 12

'+t + 12
0+ 75 + 12

T84 7 4 12
T+t + 2

°+7
T+

T+t
o+t + 1

+i+r
i+t

It should be pointed out that the preceding analysis is based upon the conditions
|T./Ts| <1 and €, = &3 = 0. However, numerical computation implies that results of
the above analysis are correct even though 7T, < T5. When gg # 0, there are two cases.
In the first case when &g is small relative to Tg, a non-vanishing e does not affect the
above conclusions. In the second case when g is large, so that the order of arrangement
of ‘atomic’ and ‘molecular’ levels is modified, the heights of the steps will be affected.
Nevertheless, the ideas of the analysis still works. Discussions in this case will be
postponed for a later publication.

2. Electronic structure of quasi-periodic superlattices

Itis of interest to ask whether the above-explained structure in the energy spectrum can
be detected in a more realistic physical system, such as quasi-periodic superlattices (Hu
etal1986; Merlin et al 1985). We shall show in this section that, unfortunately, the answer
is in the negative.
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Figure 10. Schematic representation of a Fibonacci quasi-superlattice, where a is the lattice
spacing of the periodic chains (planes).

Suppose an infinite number of one-dimensional periodic chains or two-dimensional
square lattices are arranged in a Fibonacci sequence as shown in figure 10. We prescribe
a periodic atomic chain ( plane) connecting to nearest-neighbouring chains (planes) on
both sides by long bonds as an A atomic chain ( plane) and all other chains (planes) as
B atomic chains (planes). The tight-binding Hamiltonian of the system can be written

H= E |iye (| + 2 |i>Tij<j1
i )

where
ol
and
rTL (i,j) = (n, n), i and j connected by a long bond
T (i,J) = (n, n), i and j connected by a short bond
T;=4Ta (i,)) = (n, n), i and j connected by a periodic A bond (15)
Ty (Z,j) = (n, n), i and j connected by a periodic B bond
0 otherwise.

Transforming to the Fourier representation in the directions of periodic arrangement,
H =2k, men(k)k, n| + 2 ATy ek, )k, n = 1] + T, oo, n)h, n+ 1] + CC)
k,n k.n
(16)
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Figure 11. The electronic DOs of a two-dimensional Fibonacci quasi-superlattice. (a) £, =
eg=0,T1=T,=1,TL=Ts=1,(b)epa=0,e=05T,=T,=15,T. =1, T3 =109,

where k is a Bloch vector. Writing H = 3 H,, then H, is the Hamiltonian of a one-
dimensional quasi-crystal. In (15),

£a + 2T 4 cos(ka) when n is an A chain
nth) = { (17)
eg + 2Ty cos(ka) when n is a B chain
in the case of a two-dimensional quasi-periodic superlattice and
k {EA + 2T 5 [cos(k,a) + cos(k,a)] when n is an A plane
£,(k) =

= 18)
eg + 2Tg[cos(k a) + cos(k,a)] when n is a B plane (
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Figure 12. The integrated DOs of a two-dimensional Fibonacci quasi-superlattice with
identical parameters as in figure 11.

in the case of a three-dimensional quasi-periodic superlattice, whereas

016

0.12

0.08¢

T {T,_ nand n * 1 connected by a long bond (19)
e T nand n = 1 connected by a short bond.
.
{a) l |
5 H L
| |
) L |
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Figure 13. The electronic DOS of a three-dimensional Fibonacci quasi-superlatice. (a) €5 =
eg=0, T =T,=T . =Ts=1,(b)es=e=0,T,=T,=15.T =1, Ts=1.9.
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Figure 14. The integrated Dos of a three-dimensional Fibonacci quasi-superlattice. &, =
=0T, =T,=15T =1Ts=19

Forafixed k, H,isatridiagonal matrix. The corresponding bos p(k, E) can be computed
by means of the method of negative eigenvalues (Dean 1972, Ma et a/ 1986). The total
DOSs are then given by

p(E) = (27)1~P de-lk(k,E) D(E) = (27)'~P fEdEfde-lk(k,E') (20)

D being the dimensionality of the superlattice.

Theresults of computationare givenin figures 11to 14. Inthe case of two-dimensional
superlattices, only very indistinct, blurred ‘steps’ can be seen in the integrated pos
curves, while in the case of three-dimensional superlattices, the DOs histograms and the
integrated DOS curves are essentially the same as in the case of an ordinary three-
dimensional crystal with periodic lattice structure, no important characteristics arising
from the quasi-periodicity are detectable. We conclude, therefore, there exist no impor-
tant differences in the bulk properties, such as the specific heat, between quasi-periodic
and periodic superlattices. Nevertheless, the Cantor set structure is still observable, in
the case of a quasi-superlattice, by investigating any physical process for which only the
energy spectrum at a definite point in the (one- or) two-dimensional Brillouin zone is
concerned (Ma and Tsai 1987, Todd et al 1986).
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